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ABSTRACT: The complex damped orientational diffusion model of polymer local, main chain motion in
moderately dilute solution is extended to include the effects of attached probes and periodic side chains on
the dynamics. In the case of an appended probe attached to the main chain, a prescription is given for extracting
the contribution of the probe to the local, main chain dynamics and thereby allows one to determine when
the probe essentially exerts a minor influence on the character of the local motions and when it does not.
In the case of a polymer containing a periodic array of side chains (as is normally the case), we demonstrate
that to an excellent approximation in the context of the complex damped orientational diffusion model, side
chains merely modify the effective damping constant of an equivalent polymer lacking any side chains. This
is an important conclusion that requires experimental verification. Finally, we demonstrate that the complex
damped diffusion model in general remains invariant to the particular kind of short-wavelength cutoff employed
(either soft or hard) to represent the fact that the fundamental motional unit is of finite extent. In conjunction
with the previous conclusion (Macromolecules 1982, 15, 1041) that the model is insensitive to the particular
form of the long-wavelength cutoff, this implies a certain robustness of the basic orientational diffusion picture
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of polymer local motion.

1. Introduction

In a series of papers'™ we have developed a damped
orientational diffusion model of the local, main chain
motion of polymers in solution and have shown that NMR
and dielectric relaxation processes can be adequately de-
scribed by such models. We have also extended the ori-
entational diffusion model to include chain—chain inter-
actions in an averaged way through the use of a complex
damping constant,? thus enabling it to be applied to more
concentrated polymer solutions. In addition, the model
has been extended to the case of restricted rotational
diffusion. Recently, Viovy, Monnerie, and Brochon®
presented a detailed comparison of the ability of a variety
of diffusional models of polymer local, main chain motion
to fit their measured fluorescence depolarization mea-
surements on polystyrene and found that these models fit
the measured autocorrelation function very well. It has
become increasingly evident as more experimental results
are reported and compared to theory that local polymer
motion as probed by typical relaxation measurements can
be well described by an orientational diffusion picture.

Encouraged by the above, we shall extend the range of
applicability of the damped diffusion model of polymer
motion to include the effect of spatial inhomogeneties. In
particular two cases are explicitly treated. In the first case
a polymer chain contains a probe molecule attached to it.
Examples include spin-labels required in ESR measure-
ments and dyes required in fluorescence depolarization
measurements. Here, we present a procedure for deter-
mining whether the probe moiety is essentially benign, that
is, it does not change the intrinsic relaxation characteristics
of the polymer local motion, and if so, a method is given
for extracting the intrinsic motional parameters of the
polymer chain. The second case we shall treat is the be-
havior of a polymer that contains a periodic array of side
chains appended to the main chain. Here we shall examine
how the power spectrum of the polymer (and hence its
relaxation properties) is modified by the presence of the
side chains.

In the damped diffusional model, orientational diffusion
down the polymer chain is treated as a superposition of
damped diffusional waves. In the context of this model
an inhomogeneity is treated as an isolated change in the
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medium (i.e., the polymer chain) through which the dif-
fusional wave is propagating and manifests itself as an
isolated local change (increase) in the damping constant
of the medium. We further assume that the presence of
a probe or side chain does not change the intrinsic
short-wavelength, minimum jump time characteristic of
the polymer. Support for this assumption has been pro-
vided by an examination, via an extension of Kramers rate
theory, of the effects of branching (or side chains) on the
time scale of the main chain conformational transitions;®
branches were found to exert a relatively minor effect, and
it was concluded that the time scale of conformational
transitions in a linear polymer and polymers containing
side chains is essentially the same. Hence, we will model
the effect of the inhomogeneity as a é-function with a
strength parameter characteristic of the inhomogeneity in
the basic diffusion equation.

Another point we shall briefly examine is the demon-
stration that the results of the diffusional model are largely
independent of the precise way in which the small-wave-
length cutoff, representing the fact that in a real polymer
there is a smallest motional unit, is treated. This is rele-
vant to the understanding of why the various diffusional
type models are capable of fitting the experimental data
with only minor differences.

The paper is arranged in the following manner: In
section 2 the model that includes the effects of inhomo-
geneities on main chain dynamics is developed. Section
3 develops formal expressions for the autocorrelation
function and the power spectrum, which are then solved
in section 4 for the case of an isolated side chain and in
section 5 for the case of a periodic array of side chains.
Finally, in section 6 a brief summary and conclusions are
presented. We point out that while this paper is intended
to be largely self-contained, it might be helpful for the
reader who intends to delve seriously into the derivations
to have copies of our earlier papers handy for reference.™

2. The Model

Let p(x,é,t) be the probability that the bond at position
x points along a fixed direction & at time ¢t. In the complex
damped diffusion model® the time evolution of p(x,é,t) is
given by a damped diffusion equation

dp /8t = [D(8%/9x%) — (B + iv)]p 2.1

where x measures the position along the polymer main
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chain and D is the diffusion constant. The damping
constant § represents the interaction with the solvent and
other polymer chains. The imaginary part of the damping
constant, v, arises from the interaction with other chains.

We now consider the effect of attaching a side chain (or
any inhomogeneity) to the backbone at a position x”. In
the absence of the side chain, the net orientation at the
position x’ evolves in two ways. Some of it is propagated
to other bonds along the backbone through diffusion and
some is lost to the solvent because of the damping. In the
spirit of our previous hydrodynamic model of orientational
diffusion,'® we now assume that the effect of attaching the
side chain is equivalent to a localized change in the me-
dium through which the diffusional wave is propagating.
That is, we model the net effect of the side chain as an
altered damping constant localized at x”. The extent of
this localized damping will, of course, depend on the nature
of the appended group and is in general a function of its
molecular weight, hydrodynamic properties, bonding
structure, etc. It is also possible in principle that the probe
or side chain exerts such a drastic influence on the
small-scale motion that D = D(x); that is, the intrinsic
jump time is position dependent. While it is in principle
possible to numerically solve eq 2.1 given a model for D(x)
(a nontrivial assumption), we do not believe that this ap-
proach would be worthwhile. First of all, the success of
the orientational diffusion model as embodied in eq 2.1
depends on the smoothing out of local details. If a D =
D(x) is required, it would be more profitable to return to
the original finite difference master equation on which eq
2.1 is based.” Secondly, if a position-dependent minimum
jump time is required to account for a “probe”, the ap-
pended moiety is examining dynamics that are not rep-
resentative of the polymer chain in the absence of the
probe. Hence, we shall assume that D is a constant in-
dependent of whether or not a probe or side chain is ap-
pended to the main chain.

Taking the above into account, for a single side chain
eq 2.1 becomes

dp/dt = [D(8%/3x%) - (B + iv) — gdlx — x)]p (2.2)

where the constant ¢ multiplying the é-function is the
damping constant contributed by the side chain.

One can easily extend eq 2.2 to a periodic array of side
chains. For simplicity we shall assume that there is only
one kind of side chain in the polymer molecule; thus, all
side chains are represented by the same localized damping
constant g. The distance between side chains is a. Since
the hydrodynamic model only makes sense when the
polymer chain is very large compared to the length scale
of the local orientational motion (i.e., the chain contour
length is very large compared to the damping length), we
can for mathematical convenience go to the infinite chain
length limit. Thus, the generalization of eq 2.1 to periodic
side chains is given by

dp /3t = [D(3%/3x%) — (B + i) - qli 5(x - la)lo  (2.3)

=

3. Formal Expression for the Autocorrelation
Function

In this section we derive a formal expression for the
autocorrelation function. In our previous work,' by ex-
panding p(x,é,t) in terms of the Legendre polynomials
P,(cos 6) where f is the angle between the instantaneous
orientation of the bond vector and the fixed molecular axis
z, we demonstrated that all of the normalized autocorre-
lation functions of rank n are independent of n. Hence,
for simplicity we will carry out our analysis using the

Macromolecules, Vol. 18, No. 2, 1985

probability function p(x,t), since the final expressions for
all normalized tensor autocorrelation functions are iden-
tical. In this section we will also treat both the case of a
single side chain (described by eq 2.2) and the case of a
periodic array of side chains (described by eq 2.3) together
by defining

V(x) = gé(x — x’), single side chain

Vix) =gq E 8(x — la), periodic array of side chains
o 3.1)
This results in a generalized diffusion equation
dp/dt = {D(6%/6x%) - [B + V(x)]lp (3.2)

where

B=06+1iy (3.3)

is the complex damping constant.
Decomposing the probability function into a generalized
product representation we have

plxt) = fkwk(x)pkm (3.4)

where we define

fi=f “dk/2n (3.5)

for notational convenience. Using the complete orthogonal
set of normalized eigenfunctions of the spatial part of the
diffusion equation, eq 3.2

[6%/3x* = (1/D)V(x) Wi (x) = —wPp(x)  (3.6)

as the expansion function in eq 3.4, we see by inserting the
expansion into eq 3.2 that

d .
d—zpk(t) = —[Day? + Box(t) 3.7
The solution to eq 3.7 is
pr(t) = py(0)e(Des+Rle (3.8)

where p,(0) is the initial value at time ¢ = 0. If we use an
impulse condition for our initial condition

0(0,0) = Ad(x — x,) (3.9)
eq 3.4 at 3.8 yield
plx,t) = Ae j; e Doty (xga(x)  (3.10)

Our next step is to calculate the time correlation func-
tion {p(x,t)p*(x,0)),, where (), denotes the configurational
average over the entire length of the chain, L. Moreover,
one must incorporate into the time correlation function
an a priori probability P(x;) dx, that the initial impulse
was provided between x, and x, + dx,. In our previous
work on orientational diffusion!? we did not have to con-
sider such a probability factor explicitly due to transla-
tional invariance along the polymer backbone. Here,
however, owing to the presence of inhomogeneities, we
must now explicitly take it into account. When all this
is done, we obtain an expression for the normalized time
correlation function ®(¢), given by

B(x,t) = (p(x,0)p*(x,00)2/ {lo(x,0)[*)s =
e'ﬁlﬁe‘Dwkitgk(L)/J;gk(L) (3.11)

where we have defined
&(D) = f dzo Pro)lpa(xo)l (3.12)
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As in our previous work,3 we must introduce an upper
cutoff k,, for the wave vector k. The physical origin of the
cutoff lies in the inability of a hydrodynamic diffusion
model to account for distances shorter than the motional
unit which is responsible for the orientational diffusion.
Hence, cutting off 1/k on the order of the motional unit
introduces an upper cutoff k,,. One can equally well in-
terpret the use of an upper wave vector cutoff in a slightly
different light. The very use of a diffusion equation to
describe the dynamics of local motion implies a slight
“smearing out” of motion at the level of a single motional
unit since, in reality, such a motion is expected to be
discrete. The motion adequately described here is over
several motional units. In light of this, one can introduce
the upper cutoff k,, at the level of the initial condition
given by eq 3.9. If one first expands 8(x—x,) in terms of
eigenfunctions Y, (x) (plane waves in the special case of no
side chains) and introduces the upper cutoff &, the re-
sulting function is not a é-function but rather a smeared
out distribution of width of O(1/k,). This is consistent
with our picture of local smearing out of the motion.
Another way of introducing a eutoff is through the use of
a soft cutoff function such as exp(-k?/k.?) inside the in-
tegral in eq 3.11. The limit of integration over k& is now
(-=,). Going back to the initial condition, eq 3.9, this
choice of cutoff also gives a distribution of width O(1/k,,)
instead of a é-function. Using a straightforward calcula-
tion, one can evaluate the correlation function ®(¢) using
the soft cutoff for the special case of no side chains. The
functional forms in the limits ¢ — 0 and t — « of ®(t) are
in agreement (except for a numerical factor) with the
calculation done by using a hard cutoff. This discussion
about the soft and hard cutoff emphasizes that either
choice is ultimately related to the local smearing out of
orientational motion. Although we shall use the hard,
short-wavelength cutoff in the remainder of this work, one
can select either procedure depending upon mathematical
convenience. This is very similar to the situation with the
long-wavelength (small k) cutoff originally introduced?® to
simulate the effects of damping. This hard cutoff was then
replaced with a more physical soft cutoff by introducing
the damping constant directly into the diffusion equation.!
It was shown that the results using the hard and soft cutoff
are identical, and one can use either version as a matter
of convenience.

At this point one can go no further without explicitly
solving the eigenvalue problem eq, 3.6. The solutions are
different for the case of an isolated side chain and the case
of the periodic array of side chains and so we shall consider
these two cases in turn in the next two sections. We shall
also obtain the power spectrum, J(«) defined by

J(w) = Re j; “dt eetd(t) (3.13)

4. Isolated Side Chains or Inhomogeneity

In this section we treat explicitly the case of a single side
chain or inhomogeneity attached somewhere in the interior
of the polymer chain. This corresponds, for example, to
a fluorescence or spin-label probe in which the experiment
uses the motion of the probe site to infer the motion of
the polymer chain. This part of the study aims to develop
a formalism which will enable the experimentalist to verify
whether a particular probe is benign and, if not, to extract
the intrinsic motional parameters of the unperturbed
chain.

Using the damped diffusion equation, we model the
probe site as a single 6-function located at x”’= 0 as in eq
2.2. The normalized eigenfunction solutions of eq 3.6 for
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the single 6-function potential are®

®,(x) = e** - me”"'x 4.1)
where
D(k) =1+ is/2|k| (4.2)
s=gq/D (4.3)
with the éorresponding eigenvalues being given by
wy? = k? (4.4)

In evaluating eq 3.11 for the autocorrelation function, note
that the orientation is being monitored only at the probe
position x’ = 0; thus, we do not take a configurational
average {),. Furthermore, we assume that the probability
P(x,) of the initial impulse, being at position x,, is dis-
tributed uniformly over the chain. Hence

P(xy) = 1/L (4.5)

where L is the chain length which is ultimately allowed to
go to infinity.

Proceeding in an analogous fashion as in the derivation
of eq 3.11 we find that

. “ak g0
a(t) = = (4.6)

km
J; dk [4(0))2

Physically |¢;(0)|? is analogous to the transmission coef-
ficient of a plane wave scattered through a single é-function
potential barrier of strength g and accounts for the
damping in orientational correlation as the diffusing wave
passes through the piece of main chain containing the
appended probe. If one explicitly employs eq 4.1 in eq 4.6,
it follows that

1
e‘*"‘j; dx x2e%t /(2 + 2 /5)

®(t) = - (4.7a)
1- T tan™! (61/2/¢)
where
e =q/(2DY?) (4.7b)
and
6 = Dk,? (4.7¢)

is the short-wavelength cutoff parameter introduced pre-
viously.! We have not been able to integrate eq 4.7a ex-
actly, but it is possible to derive an approximation analytic
solution of eq 4.7a in the limit

e€/6<1

This is the physically realistic regime where the probe is
“benign” and where we would expect the probe to relax
on a slower time scale than that of the intrinsic small-scale
motion of the polymer chain and to act as a source of
orientational damping.

03
1/2

2
et erfe (et1/?) + %[e‘“ — (w6t)1/2 exfe ((5t)1/2)]

/[1 - ; sgn (#)w/z + 62/(3]} (4.8)

Equation 4.8 may be obtained from eq 4.7 by replacing the
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integral over k,, in eq 4.6 by an integral from zero to in-
finity minus the integral from k,, to infinity and expanding
the latter integral in powers of ¢2/6. (See ref 1a for a more
detailed discussion of the procedure.) We have compared
values of &(t) calculated from eq 4.7a with the approximate
analytic form, eq 4.8. If ¢/8'/2 < 107, the two expressions
agree to four significant figures or better throughout the
entire relaxation curve of ®(t) vs. t. Even on setting ¢/6'/2
equal to 0.5 (a physically unrealistic value), the approxi-
mate and exact forms of &(¢) agree to within 4% over the
entire course of the decay of ®(t) with time. Thus, eq 4.8
can be used with relative confidence.

We should point out that to terms of order €2/, the
initial slopes of &(t) vs. t obtained from eq 4.7a and 4.8
agree and are given by

dd(t) - & em 4¢
LT 5(1 * g g) (4.9)

dt

Thus, it is not at all surprising that for the physically
reasonable regime where ¢/6'/2 < 1, the approximate and
exact equations for (¢) agree. As is most clearly seen in
eq 4.9 for the initial slope, the present model predicts that
a probe increases the rate of decay of the orientational
correlation function relative to the case of no probe
whatsoever. While this might at first appear surprising,
in reality it is not. Remember, in the context of the present
model, the probe is a localized, structureless entity that
acts merely as a sink for orientational diffusion down the
main chain and does not change the intrinsic jump time
(6 is assumed to be the same with and without the probe).

The power spectrum of eq 4.7a is obtained by inserting
&(¢t) into eq 3.13 to give

1
J(w) = [1 - (e/6*?) tan (51/2/6)]—15-11; dx

x2 x?+ B3/6
[x2+52/5][ (x2+ 8/8)% + (w - v)?/5* (4.10)

Equation 4.10 can be evaluated analytically, but the results
are quite cumbersome. As a practical matter, we retain
terms only to lowest order in ¢/8'/2. After a bit of arith-
metic, we find

J(w) = §Jolw) ~ [;—g(e/l?l/z) sgn (e/6'%) ] [ (8/8) +

(@~ 7)2 B e
< 1- Py sgn (e/8Y%) ¢ (4.11)

1 x4+ B8/6
= 51
Jo(w) = j; dx EEPyr——yr (4.12)

J,(w) is the power spectrum for the complex damped
orientational diffusion model® without side chains. An
exact analytic expression for J,(w) is given by eq II-6 of
ref 3.

Equation 4.8 or 4.11 for the autocorrelation function and
spectral density, respectively, can be used to analyze ex-
perimental data in the following way:

(i) To avoid complications experiments should be done
in the dilute-solution regime so that the chain—chain in-
teractions and hence vy are negligible.

(ii) Analyze the relaxation data using the autocorrelation
function or power spectrum calculated from the orienta-
tional diffusion model without side chains of ref 1 and

where
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obtain values of § and 8 employing some criteria for the
goodness of fit (e.g., a sum of residuals). That is, one first
fits to a model which assumes a completely benign probe
by neglecting its existence.

(iii) Then refit the relaxation data using the autocor-
relation function given in eq 4.8 or power spectrum given
in eq 4.11 and obtain new values of 6, 8 as well as a value
for ¢ and the goodness of fit parameter. If the goodness
of fit parameter is not appreciably improved over that
obtained in step iii (remembering that a three-parameter
fit should always be somewhat better than a two-parameter
fit) and if the values of 8 and § are not changed appreciably
from those obtained in step ii, one has then demonstrated
(within this hydrodynamic approach) that the probe is
acting in a benign fashion in that the intrinsic character
of the local motion has remained unchanged.

(iv) If the fit in step iii is reasonably different from what
it was in step ii, then the proper diffusional parameters
to describe the motion of the chain corrected for the in-
fluence of the probe are those from step iii.

(v) If the fit in step iii is still very bad, then either one
is looking only at the properties of the probe and not the
polymer, and/or the hydrodynamic approach cannot be
used to analyze the relaxation data.

5. Periodic Array of Side Chains

A. Mathematical Treatment. We now turn to the
case of a periodic array of side chains modeled by a per-
iodic array of é-functions. The eigenvalue equation for this
potential (eq 3.6) is isomorphic to a well-known model for
electrons in a solid, the “Kronig—Penney model”, and the
details of the derivation of the solution for the eigenvectors
and eigenvalues can be found in the extensive solid-state
physics literature on the subject.>'3 Hence, we shall only
present those features of the eigenstates which are relevant
to the present problem.

An immediate consequence of the periodicity of the
potential is that the eigenfunction y,(x) must satisfy
Bloch’s theorem,?'2 namely

lx) = e**g,(x) (5.1)

where ¢,(x) has the periodicity of the potential (i.e.,a). A
consequence of Bloch’s theorem is that the eigenvalue
spectrum splits into bands with these bands separated by
band gaps. In Figure 1 we have plotted the eigenvalue
spectrum as a function of & for a positive value of s’ (=sa)
(a repulsive é-function potential) equal to 4.5. Such a
banded spectrum will be produced for all positive values
of s. Note in particular that there is a band gap at k& =
0, a feature which will be of major importance in the
following analysis. The upper band edges are at k& = £nn,
n =1, 2, .. The band with its upper band edge at k =
+nr is referred to as the nth band.

Another consequence of Bloch’s theorem is that there
is not a unique labeling of the states y;(x) (see standard
references in solid-state physics, e.g., ref 12 and 13). We
shall employ the “extended zone scheme”!? of labeling
which restricts the value (n - 1)« < |ka| < nr to correspond
to (n— 1)%x? < (wpa)? < (nm)2 (n = 1, 2, ...). This scheme
has the advantage that the eigenvalue spectrum simply
reduces to the plane wave spectrum w;? = k? as the periodic
potential vanishes. Figure 1 was plotted by using this
labeling scheme.

The eigenvalues w,? are obtained as the solution to the
transcendental equation!®!!

cos (ka) = cos (w,a) + = sin (wpa) (5.2)
ka

Since for any nonzero values of s the right-hand side of
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Figure 1. The solid line represents a plot of w,?, the eigenvalue
of the spatial part of the diffusion equation (eq 3.2), as determined
from eq 5.2, vs. wave vector k for a main chain containing a
periodic array of side chains with s’ = 4.5. The dashed curve is
the dispersion reaction, w,? vs. k for the limiting case of no side
chains. The dotted curve is a plot of w,? vs. k employing the
effective damping approximation, eq 5.13.

eq 5.2 can exceed unity while the left-hand side cannot,
there are band gaps for certain real values of k. As men-
tioned above the upper band edges occur at

n=12 .. (56.3)

while the lower band edges are solutions to
(wpa/2) tan (w,a/2) = sa/4, (nodd) (5.4a)

(wpa/2) cot (wya/2) = -sa/4, (neven) (5.4b)

From eq 5.4 one can readily compute the lower band edges
numerically.

One can easily obtain the small and large s limiting cases
of eq 5.4. To obtain the small s limit of the lower band
edges, one expands eq 5.4 as a series in s and obtains

(wpa),2 =sa(l-sa/12+..), n=1
=(n-1>%2+2a+.., n=23,.. (5.5)

From eq 5.5 and 5.3 it is readily apparent that band gaps
disappear in the limit s — 0. The lower band edges in the
limit s — « are

(wpa)? = (nm)?, n=1,2, .. (5.6)

which coincide with the upper band edges. In this limit
the band structure collapses to the discrete level structure
of a particle in a box of width a. Since the eigenfunctions
are well-known, we shall not reproduce them here (see ref
10 and 11 for the explicit eigenfunctions). One should note
that in this limit all of the eigenfunctions have nodes at
the positions of the é-functions.

In order to evaluate the autocorrelation function eq 3.11
for the array of side chains we must first evaluate g,(L)
given by eq 3.12. Again assuming equal a priori probability
that the initial impulse, P(x), is randomly distributed over
the chain (as expressed in eq 4.5) and using the normal-
ization of the eigenfunctions we obtain

g(L) =1/L (6.7
independent of k. Using eq 5.7 in eq 3.11 and invoking

the hard cutoff k,, (see discussion following eq 3.12), we
find

ka = £nm, (wpa)? = (nm)%

. ke
B(t) = k"l j; dk e Dt (5.8)
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where the integration is only over positive values of k since
w,? is an even function of k.
Using eq 5.8 in eq 3.13 yields

ko Dw2+ 8
J@) = by . dk : (5.9)
0 (Dw? + B2 + (@ - v)*
It is convenient to replace the wave vector cutoff by
k, = Mr/a (5.10a)

The rationale behind this replacement is that = /k,, is the
short-wavelength cutoff which physically represents the
smallest motional unit. In the simplest visualization of this
we consider 7/k,, a “bond length” and the side chain repeat
distance a as an integral multiple of this bond length. In
this case M is an integer and the %k integration in eq 5.10
becomes an integration over the first M bands. In general,
M need not be an integer and then the integration is over
a fractional number of bands. For simplicity, in the ex-
plicit calculations to be discussed below, we shall use in-
tegral values of M; however, the essential results would
remain unchanged for nonintegral values of M. We shall
also scale the rest of our variables with a by defining

k’=ka (5.10b)
wk’ = wpa (5100)
s’=sa = 2e(Mm) /62 (5.10d)

with ¢ defined in eq 4.7b. Using these reduced variables,
eq 5.9 becomes

J(w) =
wk’z + '?(WM)z

2 — )2 4
[ww + g(vrM)z] + (o= M) V;Q(WM)

(5.11)

(=M /) ‘j; ™k

where § is given by eq 4.7c.

For the limiting case of a weak side chain interaction,
s — 0, wp? — k% and it is easily seen that eq 5.11 reduces
to the power spectrum in the absence of side chains, Jy(w)
(eq 4.10), as obtained in our previous work.® For the other
limiting case of strong side chain interaction, s — «, the
band structure collapses to the discrete spectrum of eq 5.6
and the power spectrum reduces to a sum

:
, (m? + Srby
Jw = BT % 4

5 =

2 _ 2M 4
[Uw)2 + g(M'rr)Z] + fo = 1) (Mx) 7;2( l

(5.12)

This strong interaction limit is a sum of Lorentzians with
the j = 1 term corresponding to the most slowly decaying
mode. In this limit, all of the orientational decay occurs
between a pair of side chains since there is an infinitely
high potential barrier at the location of each side chain;
i.e., the diffusing mode behaves like a quantum-mechanical
particle in a box. Of course, if the side chains’ repeat
distance is large compared to the damping length, the
major contribution to the dynamics becomes the damping
in the absence of side chains, and the power spectrum
reduces to the case of no side chains, Jy(w). This can be
shown even in the case of s’— « sinceas g — o, M —
and eq 5.12 is a series representation of Jy(w).

B. Numerical Evaluation of the Power Spectrum.
Before proceeding with the evaluation of J(w) we must first
discuss reasonable ranges of values of the parameters. As
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Figure 2. Representative plot of log (J(w)) determined via eq
5.11 vs. log (w - ) employing 8/6 = 0.01,s’ = 1.0,and M = 3.

explained at the end of the previous subsection, if the
distance between side chains becomes large relative to the
damping length, then the presence of side chains becomes
irrelevant. Hence, for real polymer chains we can consider
M to be in the range of 1-10 units between side chains.
Plausible values of 8 and § can be obtained from our
previous work? where we fit the experimental values of
NMR relaxation rates of poly(vinyl acetate) and we found
a value of 8/8 ~ 0(107%). While ultimately the strength
of the side chain interaction parameter, Ds/ad = 2¢/
Mm=d1/2, will have to be experimentally determined, one
would not reasonably expect it to be more than 1 order of
magnitude greater than 3/4. The chain-chain interaction
parameter, v, serves only to shift the frequency in the
power spectrum (see eq 5.9 or 5.11), so we calculate the
power spectrum as a function of the shifted frequency (w
- 7).

The power spectrum was evaluated by first numerically
solving the transcendental equations (5.4) for the lower
band edges. Knowing these, one can then solve for w,’ as
a function of 2’ within the given band. We then integrated
eq 5.11 numerically using the known band structure to
obtain J{w). We have performed these calculations over
a wide range of representation parameters. The value of
/6 was varied from 107 to 1 and s’ = 2Mme/5'/? was varied
from 1073 to 108 and M was taken to be 1, 3, and 6. We
have plotted a representative example of the calculated
power spectrum in Figure 2.

Before we discuss the numerical results, note that for
Ds/ab of the order of 8/6 the dominant contribution to the
integral in eq 5.11 comes from the region where &’ ~ 0.
Thus, for small values of s’ we can approximate the ei-
genvalue spectrum by a shifted parabola

wkz = k2 + (&)02 (5.13)

where w,? is the lowest band gap (i.e., the value of w, at
the bottom of the first band—see Figure 1). The value of
wy is easily calculated numerically by using eq 5.4a and in
the limit that s — 0, wg® = s/a. In fact, within 10%, wy?
is given by s/a for all reasonable values of s, i.e., s’ on the
order of unity. Inserting eq 5.13 into eq 5.9 we obtain

1 22+ (8 + Dwy?) /6
= 51
o) =9 "‘; d [22 + (B + Dw®) /8] + (0 — v)? /82
(5.14)

As we can see by comparing eq 5.14 to eq 4.12 that this
is the identical power spectrum obtained in the absence
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of side chains, J;(w), except that the damping constant 8
has been replaced by an effective damping constant 8 +
Dw,y? (approximately equal to 8 + (2¢6'/2)/Mr). This ef-
fective damping constant takes into account the presence
of the side chains. It would at first glance seem that re-
placing the rich band structure of the eigenvalue spectrum
depicted in Figure 1 by the simpler dispersion relation of
eq 5.13 would be a gross oversimplification. However, one
must realize that the power spectrum is an integral over
the band structure. By looking at Figure 1 where the
simple dispersion relation eq, 5.13 is also plotted, one can
see that what one loses from the integral at the top of a
band one approximately makes up at the bottom of the
next band. Thus, the effective damping approximation
eq 5.14 for J(w) has a much wider range of validity than
would at first be apparent.

We checked the validity of eq 5.14 against the full
calculation using eq 5.11 over the range of parameters
described above. For the example presented in Figure 2
the difference between the two results lies within the
thickness of the line. For example, for 3/6 = 105, M =
3, or 6, and s’ < 4.5 the greatest difference between the
two expressions is less than 1%. Even for a more extreme,
and physically nonsensical, example, 8/5 = 103, M = 1,
and s’ = 10° the greatest discrepancy is only around 15%.
It should be noted that if one must use a sum over a
fractional number of bands the cancellation described
above will not be as good. However, due to the extremely
small difference between the results given by the two
calculations and the inaccuracies inherent in any experi-
mental fitting procedure, this should not cause any prob-
lems. Thus, it is clear that over any experimentally ac-
cessible region of parameter space, the effective damping
expression, eq 5.14, can be used with confidence to in-
corporate the effect of side chains on the power spectrum.

To test the predictions of the present theory two kinds
of complementary experimental studies are required. First,
the relaxation properties of a homologous series of poly-
mers in which a given side chain is attached at periodic
intervals of increasing length, i.e., a, 2a, 3a, etc., should
be measured. As indicated in the above discussion, the
effective side chain damping constant should scale as
2¢81/2/ M where M is the ratio of the repeat distance to
the length of the minimum motional unit.f Furthermore,
when M is increased, this series of experiments might also
provide an estimate of the effective damping length of the
local main chain dynamics. (In limit M — «, the relaxa-
tion spectrum reduces to that of the polymer lacking any
side chains.) Second, the local relaxation properties of
polymers containing different side chains appended to the
main chain at fixed a should be examined. By study of
the chemically different main chains having the same side
chain and extraction of the ¢ appropriate to the side chain,
it would be of interest to examine the dependence of € on
the specific nature of the polymer backbone.

6. Summary and Conclusions

In this work we have extended our complex damped
orientational diffusion model® of local, main chain dy-
namics to include the effects of inhomogeneities such as
isolated attached probes and periodic side chains. We have
done this within the context of the orientational diffusion
model by treating the effect of a localized inhomogeneity
as a local enhancement of the damping represented by a
8-function term in the diffusion equation. This enabled
us to obtain expressions for the autocorrelation function
and the power spectrum.

For isolated probes, such as are used in fluorescence and
spin-labels, one is now able both to verify whether the
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probe exerts a minor perturbation on the local main chain
dynamics and to disentangle the effects of the probe from
the desired local main chain dynamics by fitting the ex-
perimental relaxation data to the expression including the
probe-dependent strength parameter. To our knowledge
this is the first time a method for doing this has been
proposed.

For the case where the polymer has a periodic array of
side chains attached to the main chain, it has been shown
that for physically reasonable values of the side chain
coupling parameter (and in fact even for physically un-
reasonable values of the parameter) the effect of the side
chains is to modify the damping constant. Hence, what
will be seen is the same main chain diffusional motion as
the polymer chain would have in the absence of the side
chains except that the damping constant is increased by
the presence of the side chains. This means that even in
the presence of side chains the more laborious procedure
undertaken in section 5 need never be done in order to fit
relaxation experiments, and the analytically solvable ex-
pressions for main chain dynamics previously presented
can and should be used. We view this reduction of the
problem of polymers with side chains to the previously
solved case of polymers without side chains as the major
new result of this work.

Finally, it has become increasingly apparent that ex-
perimental relaxation data on polymers can be fitted quite
well by a variety of diffusional type models (see, e.g., the
detailed comparison in the recent paper by Viovy, Mon-
nerie, and Brochon®). These models are all quite similar
in that they treat the local chain dynamics by using a
hydrodynamic, diffusional approach. They differ in detail
principally in the way they treat the short distance motion
on the level of an orienting unit and to some extent in how
they treat the longer distance hydrodynamic damping.
Previously we have shown that the results are invariant
to the details of how the damping is introduced.'®* Here
(see discussion following eq 3.12) we have shown that the
results are largely invariant to the details of how the short
distance motion is treated. This is not surprising since the
very use of a hydrodynamic diffusional picture implies that
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the short distance motion can be treated in an “averaged”
manner. This invariance to the details of the models at
long and short distances implies a certain robustness in
the basic diffusion picture of orientational diffusion in
polymer chains. This and the goodness of the fit of these
models to experiments are gratifying from a theoretical
point of view since they imply that this relatively simple
picture adequately describes the relaxation spectrum of
polymer chains. From the standpoint of those experi-
mentalists who held the now rapidly dimming hope that
relaxation experiments could illuminate the local molecular
details of polymer motion, these conclusions are perhaps
not as gratifying.
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